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3.3.13 X|θ ∼ Multinomial(n, θ)

- prior :

π(θ1, · · · , θk−1) = (k − 1)!, 0 < θj < 1,
k
∑

j=1

θj = 1

- posterior :

π(θ|x) ∝ p(x|θ)π(θ) ∝ θx1

1 · · · θxk
k , 0 < θj < 1,

k
∑

j=1

θj = 1

θ|x ∼ Dirichlet(X1 + 1, · · · ,Xk + 1), E(θj |X) =
Xj + 1

n+ k
.

- loss function : Kullback-leibler divergence

lp(θ, a) = −Eθ
[

log
p(X,a)

p(X, θ)

]

= −
k
∑

i=1

Eθ(Xi) log

(

ai
θi

)

= −n
k
∑

i=1

θi log

(

ai
θi

)

- Bayes estimate

E[lp(θ, a)|X] = −n
k
∑

i=1

E(θi|X) log ai + n

k
∑

i=1

E(θi log θi|X)

= −n
k−1
∑

i=1

E(θi|X) log ai − nE(θk|X) log

(

1 −
k−1
∑

i=1

ai

)

+ n
k
∑

i=1

E(θi log θi|X)

∂

∂ai
E[lp(θ, a)|X] = −nE[θi|X]

ai
+ n

E[θk|X]

1 −∑k−1
i=1 ai

= −nE[θi|X]

ai
+ n

E[θk|X]

ak
, i = 1, · · · , k − 1

⇒ ai = ak
E[θi|X]

E[θk|X]
, i = 1, · · · , k

Since
∑k

i=1 ai = 1, ai = E[θi|X]
Pk

i=1
E[θi|X]

= Xi+1
n+k , i = 1, · · · , k − 1

δB(X) =

(

X1 + 1

n+ k
, · · · , Xk + 1

n+ k

)

3.4.22 p(x, θ) = 1
θ , x < θ ⇒ T = ∂

∂θ log p(x, θ) = −1
θ

(a) E(T ) = −1/θ 6= 0

(b) V ar(T ) = 0, I(θ) = E(T 2) = V ar(T ) + ET 2 = 1
θ2

(c) E(2X) = 2 · θ−0
2 = θ, V ar(2X) = 4 · θ212 = θ2

3 < 1
I(θ) = θ2
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3.5.5 Random sample X1, · · · ,Xn ⇒ Order statistics X(1), · · · ,X(n)

- Empirical Distribution :

F̂ (x) = P̂ [X ≤ x] =
1

n

n
∑

i=1

I(Xi ≤ x)

- αth quantile of the distribution :

xα =
1

2
(inf {x : F (x) ≥ α} + sup {x : F (x) ≤ α})

- αth sample quantile :

x̂α =
1

2

(

inf
{

x : F̂ (x) ≥ α
}

+ sup
{

x : F̂ (x) ≤ α
})

If nα is not an integer, x̂α = x([nα]+1), x̂1−α = x(n−[nα]).

If nα is an integer, x̂α = 1
2

{

x(nα) + x(nα+1)

}

, x̂1−α = 1
2

{

x(n−nα) + x(n−nα+1)

}

To estimate µα =
1

1 − 2α

∫ x1−α

xα
xdF (x) =

∫ x1−α

xα
xdF (x)

F (x1−α) − F (xα)
,

µ̂α =

∫ x̂1−α

x̂α
xdF̂ (x)

F̂ (x̂1−α) − F̂ (x̂α)
=

1
n(X([nα]+1) + · · · +X(n−[nα]))

1
n(n − 2[nα])

= X̄α

4.1.1 (a) β(θ) = Pθ(δc(X) = 1) = Pθ(Mn ≥ c).
If θ < c, β(θ) = 0.
If θ ≥ c, β(θ) = Pθ(Mn ≥ c) = 1 − Pθ(X1 < c, · · · ,Xn < c) = 1 −

(

c
θ

)n
.

(b) αc = 0.05 ⇒ supθ≤1/2

{

1 − ( cθ )
n
}

= 1 − (2c)n = 0.0 ⇒ c = 1
2(0.95)

1

n

(c)
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(d) β(3/4) = 0.98 ⇒ 1 −
(

0.951/n/2
3/4

)n
= 0.98 ⇒ n = log 0.95

1−0.98 = 9.52 ⇒ n ≥ 10
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(e) α(c) = 1 − (2c)n ⇒ c(α) = 1
2(1 − α)1/n

p− value = min
α

{reject H} = min
α

{Mn ≥ c(α)} = min
α

{Mn ≥ 1

2
(1 − α)1/n}

= min
α

{α ≥ 1 − (2Mn)
n} = 1 − (2Mn)

n = 0.558

4.1.2 X1, · · · ,Xn ∼ Exp(λ).

(a) α(c) = supµ≤µ0
{Pµ(X̄ ≥ c)} where

Pµ(X̄ ≥ c) = Pµ(2λ
∑

Xi ≥ 2λnc) = P (T ≥ 2nc

µ
) (T = 2λ

∑

Xi ∼ χ2
2n)

Then α(c) = P (T ≥ 2nc
µ0

) ⇒ 2nc
µ0

= χ2
2n,1−α ⇒ c =

µ0χ2

2n,1−α

2n

(b) β(µ) = Pµ(X̄ ≥ µ0χ2

2n,1−α

2n ) = P (T ≥ µ0

µ χ
2
2n,1−α)

(c) E(X̄) = 1/λ = µ, V ar(X̄) = 1
n

1
λ2 = µ2/n. By CLT, X̄−µ

µ/
√
n
→ N(0, 1)

– Approximate the critical region: By CLT,

χ2
2n − 2n

2n/
√
n

→ N(0, 1) ⇒
µ0χ

2
2n,1−α
2n

→ µ0

(

1 +
z1−α√
n

)

– Approximate the power function

β(µ) = Pµ

(

X̄ ≥
µ0χ

2
2n,1−α
2n

)

≈ Pµ

(

X̄ ≥ µ0

(

1 +
z1−α√
n

))

= P





X̄ − µ

µ/
√
n

≥
µ0

(

1 + z1−α√
n

)

− µ

µ/
√
n



 = P

(

X̄ − µ

µ/
√
n

≥ µ0

µ
z1−α +

√
n
µ0 − µ

µ

)

≈ 1 − Φ

(

µ0

µ
z1−α +

√
n
µ0 − µ

µ

)

= Φ

(

µ0

µ
zα +

√
n
µ− µ0

µ

)

– Plot of the power function when α = 0.05, n = 100, µ0 = 25.
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(d) µ0 = 25, X̄ = 33.95, n = 20.

X̄ < c =
µ0χ

2
2n,1−α
2n

= 34.85 or X̄ < µ0(1 + z1−α/
√
n) = 34.20

So H is not rejected at level α = 0.05.

4.1.10 (a) Let X ′
i = Xi−a

b , i = 1, · · · , n, then X̄ ′ = X̄−a
b and σ̂′ = σ/b.

The empirical distribution of X ′ is given by

F̂ ′(X̄ ′ + σ̂′x) =
1

n

∑

I
(

X ′
i ≤ X̄ ′ + σ̂′x

)

=
1

n

∑

I

(

Xi − a

b
≤ X̄ − a

b
+
σ̂

b
x

)

=
1

n

∑

I(Xi ≤ X̄ + σ̂x) = F̂ (X̄ + σ̂x)

∴ T ′
n = sup

x
|F̂ ′(X̄ ′ + σ̂′x) − Φ(x)| = sup

x
|F̂ (X̄ + σ̂x) − Φ(x)| = Tn

(b) Since Tn(X) = Tn(X
′), LN(µ,σ2)(Tn(X)) = LN(0,1)(Tn(

X−µ
σ )) = LN(0,1)(Tn(X))

4.1.11 (a) Assume that X1, · · · ,Xn ∼ iid F0. Let Ui = F0(Xi), thus Ui ∼ Unif(0, 1) and

F̂ (x) =
1

n

∑

I(Xi ≤ x) =
1

n

∑

I(F0(Xi) ≤ F0(x)) = Û(F0(x)),

where Û denotes the empirical distribution function of U1, · · · , Un. Let u = F0(x) ∈ (0, 1),

Sψ,α = sup
0<u<1

ψ(u)|Û (u) − u|α, Tψ,α = sup
0<u<1

ψ(Û(u))|Û (u) − u|α

Uψ,α =

∫ 1

0
ψ(u)|Û (u) − u|αdu, Vψ,α =

∫ 1

0
ψ(Û (u))|Û (u) − u|αdÛ (u)

Therefore, all of them do not depend on F0.

(b) The Cramer-von Mises statistic is given by

V1,2 =

∫

|F̂ (x) − F0(x)|2dF̂ (x) =
1

n

∑

(

F̂ (Xi) − F0(Xi)
)2

=
1

n

∑

(

F̂ (X(i)) − F0(X(i))
)2

=
1

n

∑

(

i

n
− F0(X(i))

)2

(c) Let X ′ = X−a
b , b > 0, then

F̂ ′(x) =
1

n

∑

I(X ′
i ≤ x) =

1

n

∑

I((Xi − a)/b ≤ x)

=
1

n

∑

I(Xi ≤ a+ bx) = F̂ (a+ bx) 6= F̂ (x)

Therefore none of them is invariant under location and scale.
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