STAT610 - HWK Solution 9

3.3.13 X|# ~ Multinomial(n, 0)

- prior :
k
w61, ) = (k—=1), 0<f;<1, > 6;=1
j=1

posterior :
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|z ~ Dirichlet(X; +1,--- , X+ 1), E(6;|X) =

loss function : Kullback-leibler divergence

3] S () S (3)

1,(6,a) = —Ej [1

Bayes estimate

Ell,(0,a)|X] = —nZE9|X logal—l—nZEﬁlogMX)

i=1 =1
k—1 k-1 k
= —nZE(GﬂX) log a; — nE (0| X) log <1 - Zai> +nZE(9ilog9i|X)
i=1 i=1 i=1
0 E6;| X FEl0,| X
Ell,(0,a)|X] = —n i ]+n [k]l_l]
da; @i L= a
CJEX ERXT
a; ag
E[0;] X]
i = ) = 17 : 7k7
APy
. k Etgz‘X _Xi 1 .
Since >, ;a; =1, a; = le[E‘[Gi]lX} = n—:_k di=1,---,k—1
X141 X +1
X) =
05(X) < n+k’ T n+k )

3.4.22 p(z.0) =y, 2 <0 = T=flogp(x,0)=—3
(a) E(T)=-1/0#0
(b) Var(T) =0, I(0)=E(T?) =Var(T)+ ET* = 4
1

(€) B@X)=2-29=0, Var(2X)=4-% =% < 1. =¢?
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3.5.5 Random sample X7,

-, Xy = Order statistics X(yy, -+, Xp)
- Empirical Distribution :

- ath quantile of the distribution :

To =

N =

(inf{z : F(z) > a} +sup{z: F(z) < a})
- ath sample quantile :

ia:%<inf{x:ﬁ'(x)Za}+sup{$:ﬁ'($)§0z})

If na is not an integer, 2o = Z(jnaj+1)s T1-a = T(n—[na))-
If na is an integer, o = 5 {Z(na) + az(mﬂ)}, Tla = % {x(n_na) + x(n_na+1)}
Tl—a
1 xdF(x
To estimate pq = T3 [ zdF (x) = fma ()
[— a «@

F(z1-a) — F(z4)’

_ 2o+ X)) _ o
L(n —2[na)) :

4.1.1 (a‘) 5(9) = P@((SC(X) = 1) = P@(Mn > C)'
I£0 < ¢, B(0) = 0.

0 >c, B(6) = Py(M, >c)=1—Py(X; < c,

Xy <o) =1-— (5"
(b) @ =0.05 = supyeyp{1—(§)"} =1—(2)"
(c)
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(d) 3(3/4) =098 = 1— <0-951/"/2

" _ 0.95 _
o ) —0.98 = n=log L% =

952 = n>10
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(e) Oé(C) =1- (2c)" = c(a) — %(1 _ a)l/n

p — value = min{reject H} = min{M,, > ¢(a)} = min{M,, > 3 1
« e} e}

= min{a > 1— (2M,)"} =1 — (2M,,)" = 0.558
(0%

4.1.2 X1, -, X, ~ Exp()).

(a) a(c) =sup,<, {Pu(X > ¢)} where

a)l/n}

_ 2
Pu(X >¢) = P22 Y Xi > 2\nc) = P(T > %) (T =223 Xi ~x3,)
2
Then a(c) = P(T > 2;20) = % = X1 a = C= FOXna—a
(b) Blp) = Pu(X > “Dhaze) — p(r > 1033 | )
(c) B(X)=1/A=p, Var(X) = 24 = 1*/n. By CLT, 7 — N(0,1)

— Approximate the critical region: By CLT,
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Xon n LNOD) = HoXan 1—a — (1 n z

2n/v/n

— Approximate the power function

2
S /’LOXin—a - Zl—o
=P, |X>—F———|=P,|X> 1
Bk u( <9, > u( _N0<+\/ﬁ>>

X uo(1+zl;f>—u X
=P n 2 ”%ww—@la

%1—<I><“°zla+\/_“° “>:<I><—za+\/_“ Ho
p p 1

— Plot of the power function when o = 0.05,n = 100, pg = 25.
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(d) po =25, X = 33.95, n = 20.

2
X<c= 'uoxéﬂ = 34.85 or X < po(1+ 21-4/v/n) = 34.20
n

So H is not rejected at level a = 0.05.

4.1.10 (a) Let X} = Xi=0 i —1 ... n, then X' = X=¢ and ' = o/b.
The empmcal dlstribution of X’ is given by

(b) Since T,(X) = Tu(X'), Ly(uo2)(Tn(X)) = Loy (Tn(354)) = Loy (Tu(X))

4.1.11 (a) Assume that Xq,---,X,, ~ iid Fy. Let U; = Fy(X;), thus U; ~ Unif(0,1) and

ZI X; < x) ZI (Fo(Xy) < Fo(x)) = U(F(x)),
where U denotes the empirical distribution function of Uy, - -+, U,. Let u = Fy(z) € (0,1),

Spa= sup YW)|U(u) —ul® Tyo= sup (U W)U (u)—ul®
Oo<u<l1 Oo<u<l1

1 ) . N N
_ / BT () — uldu, Vo = / DO ()T () — ] (u)
0 0

Therefore, all of them do not depend on Fj.

(b) The Cramer-von Mises statistic is given by
Via = [ 1F(@) - Fo(o)Pd (o) =
=—Z(F<X->—F0<X->) =15 (L= R(xg) 2

n () () n n ()

(c) Let X' =

ZIX’<3: ZI ;—a)/b<x)

:EZI(XZ-§a+bx)=F(a+b$)7éF($)

Therefore none of them is invariant under location and scale.



