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4.4.6 The length of the confidence interval is given by

[, a2) = (X' +(1- ag)\jﬁ> - (X’ — 21— al)\;ﬁ> - %(zl_al + 210y)

-Ifar + a2 < a, let ofy = o — a1 > ag, then Z1—al < Zl-a which means the interval using a;
and o, is shorter. So the minimum length can be obtained only when oy + ag = a.

-If oy <ag,let of =al, = %(al + ag), then
Zl—aq > Zl*a/l = 2170/2 > 21—

By mean-value theorem

jloa—an = [ B(t)dt = $(E) 21y — 21—
1 21l .
o= = [ o0 = e, — 2

for some z1_q, < t§ < Zi—al, = Z1-of < 1] < 2z1—q,- Without loss of generality, assume
a < 1/2, then 0 < t5 < t7.

= ¢(t>{> < ¢(t§) = Zl—a; T Fl-af > Fl-a) T Fl-a

= “1—a + “1—al < Zl—a; + %1-ay

Therefore, a1 = g = /2 gives the shortest interval.

4.5.1 (a) From B.3.4, B.3.5,
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(C) ny = 207712 = 7,5) = 33.95, Yy = 15.857, f0.05 = 0.5134, f0_95 = 2.2664, so the 90% CI is
[0.24,1.06]. Since 1 € [0.24,1.06], H is not rejected at level a = 0.1.
4.6.1 2> X;/0 ~ X%np is a pivot quantity, so a level (1-a) UCB for 6 is given by

7 _ 22X
Xonp.




On the other hand, for 0; < 62, f(z;62)/f(x;01) = (61/602)"P exp ((1/61 — 1/62) > X;) is an increas-
ing function of "= )" X;. Thus, it’s a MLR family in 7. Then the level o UMP test for H : 0 = 6
versus K : 6 < fg is given by
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Reject H when ZX < inpa & b0y >

By Theorem 4.6.1, 6" is UMA at level (1-a).

4.7.1 (a) From B.3, 0 ~ 3(r,s) = A = W For 06
(b) X|0 ~ B(n,0), 6~p(r,s)=0X~pr+X,n—X+s).
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Let fo be ath quantile of Fo(,4 x) 2(n—x+s)-
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Therefore, A = 28 £ is a LOB for A. Similarly, A = 2525 £ is a UCB for A. Since

Ar
l—-a=PA> ) 0 >
@ A=2)= < s—l—)\r>

Therefore, ;\ is a LCB for 0. Similarly, - T — is a UCB for 6.

4.8.2 (a) (X, — Xpq1)/4/(1+2)02 ~ N(0,1), so
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Therefore X — 21_q004/1 + % and X — 20004/ 1+ % are level (1-«) lower and upper prediction
bounds for X, ;1.

(b) Xy — Xps1 ~ N(0, (14 1/n) 0?), n5t 62 = DXl (2 oy

s\/1+rle ~ tnt.

_ 1
P(XnHzXn—tl_aS,/H) =1-o
n
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Therefore X,, —t1-0S+/1 + % and X,, —t,S+/1 + % are level (1-a) lower and upper prediction
bounds for X, ;1.



(c) Let X1y, Xn) denote the order statistics. U; = F(X;) ~U(0,1),i=1,--- ,n.

P(X(j) < Xn+1) = P[F(X(j) < F(Xn41)] = PUg) < Un1] = E[I(Ug) < Un1)]
= BIE{I(Ugj) < Un1)|U)}] = E[L = U]

=1-E[Uy)] = (By Problem B.2.9)

_n—|—1
>1—«

For any j < a(n+1),j € N, P(X(j) < Xy41) > 1 — a. Therefore X((q(,41))) is a distribution
free lower prediction bound for X, 1. Similarly, X (1—a)mn+1)+1) is @ distribution free upper
prediction bound for X, ;1.

4.9.9 (a) Since XZ'|X1, s ,Xifl ~ N(GXi,l, 0'2),

1 xi—Hmi, 2
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(b) H:0=0vs K :6#0. Assume02isknown,theMLEofﬁeRisé:szfgi_l.
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Therefore A > ¢ &



